0. Preliminaries. Let A be a connected and separable n-dimensional metric space and b a function from X to natural numbers N. We call the pair (X, b) an orbifold, if, for any point x E X, there exist an open neighborhood Xx of x in X and a finite subgroup Gx of the orthogonal group 0(n), such that Xx = Gx \ R" and, for any point z E Xx, b(z) = #Gx(z), where Gx(z) is the isotropy subgroup of z in Gx. We call X the underlying space of (X, b) .
Let M be a connected and second countable n-dimensional (topological) manifold and G a group of homeomorphisms from M to M. If M and G satisfy the following properties, We call Ex := {x € X\b(x) > 2} the branch set of an orbifold (A, b). We define the stratification Sx of (A, b) to satisfy the following properties. And we define Sx to be the set of all fc-dimensional strata of Sx-X0 = A-Ex is the only n-dimensional stratum. An rc-orbifold (A, b) is said to be an n-branchfold, if dim Ex < n -2. Put H = try (X0) and {Ij \j E J} = Sx . We call p3 a normal loop of Ij, if p3 is a boundary loop of a disk in A which meets Ex transversally at exactly one point of Ij. We call Ij the center locus of pj. Put Q(X, b) = {pj\pj is a normal loop of Ij E E^"2'}. Putting bj = b(lj) and pb = {pb/\j E J}, let H(ptb)
be the normal closure of pb in H, obviously, H(pb) independent of the choice of the base point of A. We define the regular neighborhood U(x, (A, b)) of x in (A, b) to satisfy the following properties (1) and (2): (1) U(x, (A, 6)) is a regular neighborhood of x in A.
(2) If S n U(x,(X,b)) ^ 0, for an S E Sx, then x E S. We also denote U(x,(X,b)) to B(x,(X,b)) or (Bx,b'). And we define m(X,b) := H/H(pb). PROOF. Take any [a] E iry(X,b). We may assume a is a map into A -ExHence, f oa and goer are maps into Y -Ey. By the above remark, [f °o] = [goa] hi7r,(y-Ey).
Hence 2. Fuchsian complex.
In this section, we deal with only 3-branchfolds of which underlying spaces are 3-manifolds.
From now on, any 2-suborbifold (F,b') in a 3-branchfold (M, b) must have the following properties;
(1) F is properly embedded and 2-sided in M.
(2) The intersections of F and SM are transversal.
(3) F n S^ = 0. DEFINITION 2.1. Let D2(n) be a 2-orbifold (D2,b) , where E^ = a point p E bit D2, b(p) = n, and D2 is a 2-disk.
DEFINITION 2.3. S2(ny,...,nr) := (S2,b), where ES2 = {pi,...,pr}, b(pt) = n^ (i = 1,2,... ,r), and S2 is a 2-sphere. DEFINITION 2.4. S2(bad) := {S2(n),S2(m,n)}, where m,nEZ,m^n.
S2(elliptic) := {S2(n, n), S2(2,2, n), S2 (2, 3, 3) , S2 (2, 3, 4) , S2 (2, 3, 5) }.
We call a 2-orbifold belonging to S2(bad) to be a bad sphere, a 2-orbifold belonging to S2(elliptic) to be an elliptic sphere. 
where iy and i2 are the isomorphisms as in 2.9. Namely, p, is an injection.
PROOF. It is obvious from 2.9 and the construction of q. Q.E.D. PROOF. Since M is a manifold, we may assume that /: S2 -► M is general position as a map. Moreover, by relation of the dimensions of S2, M, and Em, / is transversal.
lic(f) = 0, then / is clearly an OR-embedding. As the next step of the induction, assuming that Ty (/) = 0 and that the conclusion holds for all maps /' (orbifolds (M',V), etc.) such that c(f') < c(f) and Tyf = 0. We show that for / the conclusion holds.
1. If / has a simple closed double curve, then the conclusion holds. In fact, among such simple closed double curves of /, take the inner most one in S2. The two components of the preimage of the curve, Jy and J2, bound disks Dy and D2, giving rise to suborbifolds (Dy,ay) and (D2,a2), respectively. Case 1. ay = a2 = 1.
We define an OR-map fy:
Then fy is a proper OR-map from a bad sphere to (M, b). Since c(/i) < c(f), the conclusion holds from the inductive hypothesis. Case 2. ay = 1 and (D2,a2) = D2(n).
Then (f(Dy) U f(D2),ay Ua2) is a bad sphere in (M,b). Define an OR-map fy as in Case 1. Then fy is a proper OR-map from a bad sphere to (M,b).
Since c(/i) < c(f), the conclusion holds from the inductive hypothesis.
2. Tower construction. Forget the orbifold structures of (S2,a) and (M,b) and construct a tower of height n in a similar way to the tower construction of the sphere theorem of 3-manifolds,
where /o = f, M0 = M, Vj is a regular neighborhood of fj(S2), pj is a covering map, ij is an inclusion map, fj is a lift of fj-i, 7Ti(Vn) is a finite group and ity(Vj) is an infinite group when j < n. Vo has an orbifold structure as the restriction of the orbifold structure of (M, b) and My has an orbifold structure such that Pi: My -> Vo is an OR-map, which is introduced in §3. We denote those orbifolds (V0,b'0) and (Mi,61), respectively. Since by(fy(x)) = b0(pyfy(x)) = 60(/(x))|a(x) for any point x E S2, fy: ( (1) (2) (1) and (2). Thus the proof of step 4 has finished.
Next, we must consider the case when Tyf ^ 0. We also use the induction on c(f). We can similarly proceed to steps 1, 2, and 3. We have only to assume that /o has no simple closed double curve. We can show that there exists an Oil-embedding s: ( Then there exists an elliptic sphere (S2 ,a') and a normal OR-embedding g: (S2 ,a') -► (M,b) which is not extendable to an OR-map from C(S2 ,a').
PROOF. Since M is a manifold, we may assume that f:S2->Mis general positive as a map. Moreover, by relation of the dimensions of S2, M, and EM, and by the normality of the OR-map /, we may assume that T(f) n Em = 0 and / is transversal.
If c(f) = 0, then / is clearly an Oil-embedding. As the next step of the induction, assuming that Ti(/) = 0 and that the conclusion holds for all maps /' (orbifolds (M',b'), etc.) such that c(f') < c(f) and Ei/' = 0. We show that for / the conclusion holds.
1. If / has a simple closed double curve, then the conclusion holds. In fact, among such simple closed double curves of /, take the innermost one in S2. The two components of the preimage of the curve, Jy and J2, bound disks Dy and D2, giving rise to suborbifolds (Di,ai) and (D2,a2), respectively. Case 1. ay = a2 = 1. We define an OR-map fy: S2 -+ (M,i>) by using /(Dj) U /(D2), and define an OR-map /2: (S2,a) -♦ (M,b) by using f((S2,a) -IntD2) U /(Di). We can separate / into /i and f2. Since 7r2(M -Em) = 0, fy is extendable to CS2. Hence /2 is not extendable to C(S2,a). Since c(f2) < c(f), the conclusion holds from the inductive hypothesis.
Case 2. ay = 1 and (D2,a2) = D2(n).
Then (f(Dy) U f(D2),ay I) a2) is a bad sphere in (M,b) . This contradicts the hypothesis that there is no bad sphere in (M,b). Case 3. ay = 1 and (D2,a2) = D2(n,m).
Since there is no bad sphere in (M, b), n = m. Define an OR-map f2 as in Case 1. f2 is a proper OR-map from a bad sphere to (M, b) . By Proposition 4.2, this contradicts the hypothesis that there is no bad sphere in (M,b).
Case 4. ay = 1 and (D2,a2) = D2(ny,n2,nz). Define OR-maps fy and f2 as in Case 1. If both fy: S2(ny,n2,n3) -> (M, b) and f2 : S2 -► (M, b) are extendable to the cones, then / is extendable to the cone, since fy and f2 consistent on Dy = D2. Hence at least one of fy and f2 is not extendable to the cone. By using this fact, we can construct an OR-map from an elliptic sphere to (M, b) which is not extendable to the cone and of which complexity is smaller than c(f). are extendable to the cones, then / is extendable to the cone, since fy and f2 consistent on (L>i,ai) = D2(m). We can show the rest of this proof in a manner similar to Case 4. We proceed to steps 2 and 3 quite similar to the proof of Proposition 4.2. 4. Ii f (= fo) has no simple closed double curve, then there exists a proper normal OR-map /' from an elliptic sphere (S2,a') to (M,b) such that (1) /' is not extendable to the cone.
(2) t(f') < t(f).
(3)Tyf'=0.
(Hence, the conclusion holds by the inductive hypothesis.) The proof is as follows: By step 3, we may assume that /" is singular. Since 7Ti(Vn) is finite, the universal cover of Vn (the capping of Vn) is a homotopy 3-sphere. Hence, 7r2(V") = 7r2(a universal cover of Vn) = 0. Therefore 7r2(V") is generated by S2 components of dVn.
Claim /": (S2,a) -► (Mn,bn) is OR-homotopic to the sum (in the sense of 7r2) of S2 components of dVn. PROOF. Let R be a regular neighborhood of r/n and Cy,...,Ck be the components of fn(S2) -Int R, respectively. Then Vn = R\Jk=y (Ct x (-1,1) ). (S2 ,a') , otherwise the preceding claims show that j o fn = f is extendable to the Oil-map from 0(S2,o). This contradicts the hypothesis. By the same way as the sphere theorem of 3-manifolds, we can show that f = j o s: (S2', a') -► (M, b) has desired properties (2) and (3). The proof of step 4 is finished.
Next, we must consider the case in which Fi ^ 0. We also use the induction on c(f). We can similarly proceed using steps 1, 2 and 3. We have only to think of the case where /0 has no simple closed double curve. Since /(Eg2) nTi/ = 0 from the normality of /, we can show that / is the sum of the S2 components of dVn and that there is an OR-embedding s: (S2 ,a') -► (M,b), similar to step 4. Since Pj is an immersion, /' = i0 o (py o iy) o ■ ■ ■ o (pn o in) has no branch points. /' is normal and proper, and is not extendable to the cone. So the proof is completed by the first case. Q.E.D.
Notice that the normality of the OR-map is not necessary in the hypothesis of Proposition 4.2. At step 4 of the proof in Theorem 4.4, it is necessary that / is OR-homotopic to the sum of dVn, otherwise it is not ensured that /' inherits the property that it is not extendable to the cone. But in Proposition 4.2, some components of d(Vn,b'n) must be bad spheres, so we can find an OR-map from a bad sphere with less complexity. We can show the next proposition by the same way as the proof of Proposition 4.2. Then, for any point x E SM , it holds that f(x) E S^ . Moreover, for any normal loops p,y, p2 and p% which are concentrating to x, f(py), f(p2) and f(p3) are concentrating normal loops to f(x).
PROOF. For any point x E Em, it holds that f(x) E T,N, by a way similar to (A,c) ) -HN. We can define a continuous map (/|Bo): Bo -> B0, since / is an OR-map. Let ly, l2 and I3 be 1-dimensional strata which are concentrating to x and /' a 1-dimensional stratum which includes f(x). Let fbea normal loop of /' in B0, pi, p2 and P3 normal loops of li, l2 and /3 in B0, respectively. Note that we can choose B(x, (M, b)) arbitrarily small. By Corollary 5.3, we may assume that (1) [ Let p be a normal loop of /' E S^ and f'(p) be a normal loop of /' e S^ , respectively. Then, by the uniformizability of (M,b) and (N,c), the orders of (p) in ny(M,b) and (f'(p)) in ny(N,c) are b(l) and c(l'), respectively (cf. M. Kato (3) ). Since <f> is proper, c(l') divides b(l). Thus, we can extend /' to an OR-map /": M0 U (Ui D(mt)) -> A0 U ( (J3 D(nj) ), where D(mt) is a normal disk of (M, b) and D(nj) is a normal disk of (N,c). We can show that we can extend this /" to an Oil-map /: (M, b) -* (A, c), as follows.
Let pi, p2, and P3 be concentrated normal loops of (M,b) and D(my), D(m2) and D(mz) be their bounding normal disks. Let /"(pi), f"(p2), and /"(P3) be also bounding normal disks in (A,c) . Let them be D(ny), D(n2), and D(n3), respectively. Remark that n,:|mt, i = 1,2,3. Under this relation, the elliptic triples (2,2,n) , (2, 3, 3) , (2, 3, 4) , and (2, 3, 4) must be mapped to elliptic triples. Thus, S2(ni, n2, ns) is an elliptic sphere. By Corollary 5.7, a normal and proper OR-map from S2 (ni,n2,ns) to (A,c) is extendable to an OR-map from OS2(ni,n2,n3) to (A,c). Remark that we can regard the normal Oil-map from S2(mi,m2,m3) to (A,c) as the composition of the proper OR-map from S2(mi,m2,m3) to S2(ni,n2,n3), which is homotopic with respect to the underlying space, and the proper and normal OR-map from S2 (ni,n2,n3) to (A,c). From the above, we can extend the normal OR-map from S2 (mi,m2,m3) to ( By modifying / under an OR-homotopy, we may assume that there exists a component v of dGo -dG for each component p of dF0 -dF such that (/|p): p -► v is a homeomorphism.
By the hypothesis and Remark 1.4, (/|F0): tti (Fo) -► 7Ti (G0) is a monic. Thus, by Nielsen's Theorem (cf. Waldhausen [5, 1.4.3] ), there exists a homotopy gt: Fo -► Go, t E I, go = /|Fo, 9t\(dFQ-dF) = f [(dF0-dF) , for all t (hence, we can extend gt to an OR-homotopy ft: (F,b) -» (G,c)), such that either (1) or (2) holds.
(1) gy: Fo -> G0 is a covering. - (1) Sm° * 0- Since di are preimages of a double point of 6, there are preimages of a double curve in D(n) which start from di. The preimage of a double curve ends either at a point on dD(n) or at a branch point in IntB(n). In either case D(n) is separated into two parts by the preimages of a double curve. Let A be the part in which boundary i is included and B be another (cf. Figure 6.4) .
Let q be a singular point of D(n). By the generality of 6, we may assume that q ElntP or IntQ. In the case of q E IntQ, Q is D(n). Thus we construct an Oil-map 0': D(n) -* (M,b) such that (6'[dD) has a factor x^]6'-^"1. By Proposition 3.6. of (2), such a [8'\dD] has infinite order in iry(F,b'). On the other hand, since (6'\dD) is extendable in (M,b) to an OR-map from D(n), [9'\dD] has a finite order in 7ti (M, 6) . This contradicts the hypothesis that (F, b') is hincompressible in (M, b) . In the case oi q ElntP, Q is D2. We proceed similarly fee') \\ PROOF. We may assume that, for a sufficiently small regular neighborhood (Bp,b') of p, f((Bp,b')) is included in a regular neighborhood (B/(p),c') of f(p).
By Corollary 5.6, for any point p e S$ , f(p) E S^ , and, since /» is injective, (Bp,b') is OR-isomorphic to GS2(mi,m2,m3) and (Bjip),c') is OR-isomorphic to CS2 (ni,n2,n3) where nt = mt, i = 1,2,3. Since / is normal, we may assume that / is an OR-embedding near the points py, p2, Pz E EBp D dBp and f(dBp -{py,p2,p3}) E Bf(p) -EB/(p). PROOF. There is no elliptic sphere component in boundaries of a 3-branchfold which belongs to w. Then, we can apply Lemmas 6.6 and 6.7 to (M, b) and (A, c). 
